Abstract. In this paper, we give an alternative proof for the convergence of Kähler-Ricci flow on a Fano mnaifold (M, J). This proof differs from that in [TZ3]. Moreover, we generalize the main theorem of [TZ3] to the case that (M, J) may not admit any Kähler-Einstein metrics.
Introduction
In this paper, we use Perelman's W -functional in [Pe] to study the convergence of Kähler-Ricci flow on a Fano mnaifold. We want to prove Theorem 1.1. Let (M, J) be a compact Kähler-Einstein manifold with positive first Chern class c 1 (M ) > 0. Then for any initial Kähler metric g with Kähler class 2πc 1 (M ), Kähler-Ricci flow converges to a Kähler-Einstein metric in the C ∞ -topology. Moreover, the convergence can be made exponentially modulo a holomorphism transformation on (M, J).
with its Kähler form ω g KE ∈ 2πc 1 (M ). Then there exists a number δ > 0 which depends only on g KE such that for any Kähler metric g on (M, J) with Kähler form ω g ∈ 2πc 1 (M ) satisfying g − g KE C 3 (M ) ≤ δ, (2.2) KR-flow (g t ; g) converges to g KE globally in the C ∞ -topology.
Proposition 2.1 is a special case of more general stability theorem on Kähler-Ricci flow on a Fano manifold, which was recently proved by Sun and Wang by using an inequality of Lojasiewicz type for the Kähler-Ricci flow [SW] . We note that Proposition 2.1 was also proved by the second named author if the condition (2.2) is replaced by certain condition on Kähler potentials [Zhu] . In this paper, for the readers' convenience, we will include a proof of Proposition 2.1 in Section 5. Similar argument will be used in proving Theorem 1.2. Here we denote by g − g ′ C ℓ (M ) the norm:
where Φ runs over all diffeomorphisms of M and |g 1 − g 2 | C ℓ (M ) denotes the C ℓ -norm between two tensors g 1 and g 2 on M . The convergence of Riemannian metrics in the C ∞ -topology means the convergence in all C ℓ -norms · C ℓ (M ) . We can write
for a Kähler potential φ on (M, J) and we define a path of Kähler forms ω s = ω g KE + s √ −1∂∂φ.
Set I = {s ∈ [0, 1] | (g s t ; ω s ) converges to g KE in the C ∞ − topology}.
Clearly, it follows from Proposition 2.1 that I is not empty. We want to show that I is both open and closed. It follows that I = [0, 1]. Theorem 1.1 will follow from this. The openness of I follows from the following corollary of Proposition 2.1:
Corollary 2.2. Let (M, J, ω g KE ) be a Kähler-Einstein manifold with ω g KE ∈ 2πc 1 (M ) > 0. Suppose that there exists a Kähler metric g 0 on (M, J) with Kähler class 2πc 1 (M ) such that KR-flow (g t ; g 0 ) converges to g KE in the C ∞ -topology. Then there exists a δ > 0 which depends only on g KE and g 0 such that for any Kähler metric g on (M, J) with Kähler class 2πc 1 (M ) satisfying
Proof. By the assumption, we can choose T sufficiently large such that ifg t is the solution of (2.1) with initial metric g 0 , then
where δ is a small number determined in Proposition 2.1. Since the Kähler-Ricci flow is stable for any fixed finite time, there is a small ǫ > 0 such that whenever g − g 0 C 3 (M ) < ǫ, we have
Hence, we have
Then the flow (g t ; g T ) with initial g T will converge to g KE in the C ∞ -topology according to Proposition 2.1. This proves the corollary.
It remains to prove
Theorem 2.3. I is closed.
This will be proved in Section 6.
Perelman's W-functional
In this section, we review Perelman's W -functional in [Pe] . The Wfunctional is defined for triples (g, f, τ ) on a given closed manifold M of dimension m, where g is a Riemannian metric, f is a smooth function and τ is a constant. It is defined as follows:
where R(g) denotes the scalar curvature of g. We also normalize the triple (g, f, τ ) by
In our situation, since M is a compact Kähler manifold of complex dimension n, we further have the following normalization of the volume of g:
Note that m = 2n. Then the W -functional depends only on a pair (g, f ) and can be reexpressed as follows:
where (g, f ) satisfies (3.2) with τ = 1 2 and (3.3). Note that (3.3) holds automatically for certain geometric problems, for example, metrics which evolve along a normalized Ricci flow.
Following Perelman, we define an entropy λ(g) by
It is well-known that λ(g) can be attained by some f (cf.
[Ro]). In fact, such a f satisfies the Euler-Lagrange equation of W (g, ·),
Following a computation in [Pe], we can deduce the first variation 2 of λ(·),
where Ric(g) denotes the Ricci tensor of g and ∇ 2 f is the Hessian of f . It follows from (3.6) that g is a critical point of λ(·) if and only if g is a gradient shrinking Ricci soliton, namely, g satisfies
where f is a minimizer of W (g, ·). Next we will prove the uniqueness of solutions for (3.5) if g is a gradient shrinking Ricci soliton.
Lemma 3.1. If g satisfies (3.7), then any solution of (3.5) is equal to the function f in (3.7) modulo a constant. Consequently, the minimizer of W (g, ·) is unique if the metric g is a gradient shrinking Ricci soliton.
Proof. Let σ t be an one-parameter subgroup generated by the gradient field
2 It is not obvious that λ(·) is differentiable. This can be proved by using the comparison principle and the regularity results we have on (3.5) (see Lemma 3.5 below and Appendix in Section 8). Here we just compute its first variation at those g where λ is smooth. This is the case when the minimizer f is unique. It is sufficient for us in this paper. * Putg(t, ·) = σ ⋆ t g. Theng(t, ·) is a family of Ricci solitons andg satisfies the normalized Ricci flow,
Let f ′ be another solution of (3.5) and ρ t be an one-parameter subgroup generated by the gradient field
Therefore, using the first variation of the functional W and its invariance under diffeomorphisms, we have
Hence, f ′ = f + const..
As a converse to Lemma 3.1, we have Lemma 3.2. Let g be a gradient shrinking Ricci soliton and f be the function in (3.7) for g. Then f satisfies (3.5).
Proof. Differentiating (3.7) and applying the second Bianchi identity, we have
It follows
This implies
and consequently, by using (3.7), we deduce that f is a solution of (3.5). Proof. By Lemma 3.1, the minimizer f of W (g KE , ·) must be a constant. As a consequence, f = 0 because of the normalization condition (3.2). Thus for any Kähler metric g with Kähler class 2πc 1 (M ), we have
Here we have used the fact:
The following is a direct corollary of Proposition 3.3 by using the Kähler-Ricci flow.
Lemma 3.4. Let (J 0 , g KE ) and (J, g) be a Kähler-Einstein metric and a Kähler metric on M with 2πc 1 (M ) as both Kähler classes. Suppose that λ(g) ≥ λ(g KE ). Then g is a Kähler-Einstein metric with respect to the complex structure J.
Proof. Let g(t, ·) be a solution of (2.1) with the initial metric g. Then by the monotonicity of λ(g) along the Ricci flow [Pe] ( see (3.6) 
Again by (3.6), it follows that g(t, ·) are all gradient shrinking Ricci solitons. Moreover, the Kähler condition implies that g(t, ·) are in fact all Kähler-Ricci solitons. Therefore, by the uniqueness of Kähler-Ricci solitons [TZ2], we see that g(t, ·) are all the same modulo automorphisms of M , and consequently, g is a Kähler-Ricci soliton with respect to some holomorphic field X induced by a Hamiltonian function f which satisfies (3.5). On the other hand,
This implies that f = 0 since the minimizer of W (g, ·) is unique according to Lemma 3.1. Hence, g is a Kähler-Einstein metric with respect to the complex structure J. * We will end this section by a well-known fact, which follows from the monotonicity of Perelman's entropy λ(·). For the readers' convenience, we include its proof.
Lemma 3.5. Let g t = g(t, ·) be a solution of (2.1) on M . Suppose that there exists a sequence g i of g t converging to a limit Riemannian metric g ∞ in the C 3 -topology. Then g ∞ is a Kähler-Ricci soliton with respect to some complex structure J ∞ .
Proof. By the assumption, there exists a sequence of diffeomorphisms
converges to an integral complex structure J ∞ in the C 3 -topology. The standard regularity theory implies that J ∞ is in fact analytic. By (3.6), we have
where f t are minimizing solutions of (3.5) associated to metrics g t and σ t is the family of diffeomorphisms of M generated by the time-dependent vector field
is bounded from above, there exists a sequence of α i such that as i tends to ∞, |α i − i| → 0 and
Since the Ricci flow depends continuously on initial metrics, we may choose δ 0 > 0 such that
as i → ∞. On the other hand, by Proposition 8.1 in our Appendix, we know that f t are uniformly bounded. Thus by applying the regularity theory of elliptic equations to (8.1) in Appendix and using (3.10), we get
for some uniform constant C. Hence, by taking a subsequence if necessary, there exists a C 4,
By the regularity theory, f ∞ is actually smooth. Furthermore, since g ∞ is Kähler, the gradient vector field ∇f ∞ has to be holomorphic. This proves that g ∞ is a Kähler-Ricci soliton.
Estimates for f -function
In this section, we derive some a priori estimates for the f t -functions solving (3.5) associated to the KR-flow (2.1). Since the flow preserves the Kähler class, we may write the Kähler form of g t as
for some Käher potential φ = φ t . Furthermore, as usual, one can choose φ t appropriately such that (2.1) is reduced to a parabolic complex MongeAmpère flow for φ(t, ·) = φ t ,
where h ′ = − ∂φ ∂t | t=0 is a Ricci potential of the initial metric g. It is easy to check that each ∂φ ∂t is a Ricci potential of g t . We set h t = − ∂φ ∂t + c t for some constant c t so that
The following estimates are due to G. Perelman. We refer the readers to [ST] 
Under the assumption that the K-energy is bounded from below, we can improve the above estimates as follows. 
Thus by the lower bound of µ(·), one sees that there exists a sequence of
Since H(t) satisfies a differential equation, 
It follows that
On the other hand, since the K-energy is bounded from below, as in [CT1] or [TZ3], we can normalize h ′ in (4.1) by adding a suitable constant so that
Thus we get and can be applied to complete the proof of (b) and (c).
Lemma 4.3. ([PSSW])
There exist δ, K > 0 depending only on the dimension n with the following property: For any ǫ > 0 with ǫ < δ and any t > 0, if ∂φ ∂t
From Proposition 4.2, we can deduce
Proposition 4.4. Suppose that the K-energy is bounded from below. Then there exists a sequence of
Proof. Let σ t be the family of diffeomorphisms generated by the time-dependent gradient vector field 1 2 ∇ gt f t . Then by (3.6), we have
It follows from (2.1) that
Since λ(g t ) ≤ (2π) −n nV are uniformly bounded, we see that there exists a sequence of
Thus by Proposition 4.2, we will get (a). Here we used the fact that f t are uniformly bounded according to Proposition 8.1 in Appendix. Moreover, by
Thus we get (b) from (a). Definef
By using the weighted Poincare inequality in [TZ3], we have
Hence, by using (a) and the boundedness of h t , we can deduce
we have −∆f
. By using the standard Moser's iteration, we can derivef
Thus by (4.10), we get lim
Since f t is uniformly bounded and h t converges to 0, it follows from Mf t e ht ω n gt = 0
Here we denote M + = {f t i ≥ 0} and M − = {f t i ≤ 0} and we used the fact thatf are uniformly bounded. By (4.12) and the normalization condition (3.2), we will get the property (c) since f t differs fromf t by a function c(t) with lim i→∞ c(t i ) = 0. By the monotonicity of λ(g t ), we see that L(g) exists and it is finite. In case that the K-energy is bounded from below, from Proposition 4.4 together with Proposition 4.2, we get Corollary 4.6. Suppose that the Mabuchi's K-energy is bounded from below. Then
The above corollary shows that the energy level L(g) of entropy λ(·) does not depend on the initial Kähler metric g. Remark 5.3. In fact, we only need a much weaker version of Theorem 5.1 in order to prove Proposition 2.1. Such a weaker version can be proved by using the deformation theory.
Proof of Proposition 2.1. Let g t = g(t, ·) be a family of evolved Kähler metrics of KR-flow (g t ; g). We claim that there exists δ > 0 such that if g satisfies (2.2), then
where ǫ(δ) → 0 as δ → 0. We will use an argument by contradiction from [TZ4]. On contrary, we may find a sequence of Kähler metrics g i on (M, J) with Kähler forms in 2πc 1 (M ) and a sequence of diffeomorphisms Ψ i on M which satisfy
such that there exists a number ǫ 0 > 0 and a sequence of Kähler metrics g i (t i , ·) with property:
where g i t i is a solution of KR-flow (g i t ; g i ) at time t i . Moreover, by the stability of Ricci flow in finite time and by the continuity of the Ricci flow, one can choose the number ǫ 0 arbitrary small in (5.1) and can further assume that g i t i satisfies 2ǫ 0 ≥ g By the monotonicity of λ(·) along the flow (see (3.8) in Section 3), we have
Thus by Lemma 3.4, we see that g ∞ is in fact a Kähler-Einstein metric on (M, J ∞ ). Now by Theorem 5.1, (g ∞ , J ∞ ) is conjugate to (g KE , J) by a diffeomorphism on M . But this contradicts to (5.5). The contradiction implies that (5.1) is true. By (5.1), we have
Thus, there exists a sequence {g t i } of g t which converges to a limit Riemannian metric g ∞ on M in the C 3 -topology. Hence by Lemma 3.5, g ∞ is a Kähler-Ricci soliton. Moreover, by Corollary 4.6, λ(g ∞ ) = (2π) −n nV = λ(g KE ) since the K-energy is bounded from below [BM], [DT] , and consequently, by Lemma 3.4, g ∞ must be a Kähler-Einstein metric. Therefore, by Theorem 5.1, we conclude that g ∞ is conjugate to g KE by a diffeomorphism on M. Finally, The uniqueness of limit g ∞ enable us to prove that the KR-flow (g t ; g) globally converges to g KE . Proposition 2.1 is proved.
Proof of Theorem 2.3
Proof of Theorem 2.3. By Corollary 2.2, there exists a τ 0 ≤ 1 with [0, τ 0 ) ⊂ I. We need to show that τ 0 ∈ I. In fact we want to prove that for any δ > 0 there exists a large T such that
As we did for Proposition 2.1, we will prove it by contradiction. Suppose that we can find a sequence of Kähler metrics g
, where s i → τ 0 and t i → ∞, of KR-flows (g s i t ; g s i ) and a sequence of diffeomorphisms Ψ i on M such that |Ψ
for some constant δ 0 . Since the KR-flows (g s i t ; g s i ) converge to g KE , we may further assume that g
Then it follows from Cheeger-Gromov's compactness theorem that there is a subsequence g
converging to a Kähler metric (g ∞ , J ∞ ) with property
We claim that (g ∞ , J ∞ ) is a Kähler-Einstein metric. By Lemma 3.4, we only need to show that λ(g ∞ ) = λ(g KE ) = (2π) −n nV . It follows from Corollary 4.6 and the monotonicity of λ(g τ 0 t ) that for any ǫ > 0, there exists T > 0 such that
Since Kähler-Ricci flow is stable in finite time and λ(g s t ) is monotonic in t, there is a small δ > 0 such that for any s ≥ τ 0 − δ, we have
Since s i → τ 0 and t i → ∞, we conclude that
By the continuity of λ(·), it follows
This proves the claim. Now by Theorem 5.1, we see that (g ∞ , J ∞ ) is conjugate to (g KE , J) by a diffeomorphism on M . But this contradicts to (6.4). This contradiction implies that (6.1) is true.
By (6.1), we have
Thus, there exists a sequence {g τ 0 t i } of g τ 0 t which converges to a limit Riemannian metric g ∞ on M in the C 3 -topology. Hence, by Lemma 3.5, g ∞ is a Kähler-Ricci soliton. Moreover, by Corollary 4.6, λ(g ∞ ) = (2π) −n nV , so g ∞ must be a Kähler-Einstein metric. Therefore, by Theorem 5.1, we conclude that g ∞ is conjugate to g KE by a diffeomorphism on M. Finally, the uniqueness of limit g ∞ enable us to prove that the KR-flow (g 
for some constant a. As a consequence, we get
Using this, we can prove that all C ℓ -norms of φ t decay exponentially. Hence, φ t are convergent and the corresponding metrics ω φt converge exponentially to a Kähler-Einstein metric g ′ KE on (M, J). By the uniqueness theorem on Kähler-Einstein metrics, g ′ KE must be conjugate to g KE by a holomorphism transformation. The proof of Theorem 1.1 is completed. 
